Introduction
P. Erdős [1] conjectured that the mean length of the diagonals of a convex n-gon with perimeter L is maximal iff n/2 vertices are concentrated in a point A and the remaining n/2 vertices in a point B whose distance is L/2 in case of n = 2k. If n = 2k + 1, then k and k + 1 vertices are concentrated in A and B, respectively, in the extremal figure. The minimum is attained when n − 1 vertices are concentrated in A and a single one in B.
These conjectures have been proved in the author's Msc. thesis [3] and dissertation [4] shortly after they had been stated. In this paper we revisit our solution of the problem.
Notations, definitions and a lemma
Notations. P Q denotes the distance of two points P and Q. Vertices of the n-gon are denoted by P 1 , . . . , P n , the whole n-gon by (P). V denotes the set {P 1 , P 2 , . . . , P n }. Multiple points (e.g. P 1 = P 2 ) are allowed. If i is an arbitrary integer lying outside of the interval [1, n] , then P i is defined to be equal to P i , where i ≡ i (mod n). Vertices of (P) are considered to form a cycle C = (V, ), where : i → i + 1.
Definitions. The anterior vertex of P i in (P) is the last P j preceding P i in C not coincident with it. It is denoted by A i . The successor of P i in (P) is the first vertex P j following P i in C not coincident with it. It is denoted by S i . The angle α i at vertex P i is called the angle between the segments P i A i and P i S i . P i is called to be a break-point if α i = π.
Notations. The length of the diagonal P i P i+l is denoted by r i,l . l is called the order of P i P i+l .
So the mean length of the diagonals of order l is
For the mean length of the diagonals of (P) we have obviously
Our results depend on the following
Lemma. Let l be a natural number from the interval
Equality occurs in (2) iff at least l points are concentrated in every break-point of (P).
Statement of the results
holds, where Our next result is related to the minimum of .
Theorem 2. If (P) is convex, then we have the relation
≥ L n .(4)
This inequality is sharp too. The sign of equality occurs iff n − 1 vertices are concentrated in one of the endpoints A of a segment AB and one in B.

Proofs
Proof of the lemma. Obviously
Summing up (5) we get (2) . The sign of equality occurs in (2) iff the same is true for (5) for every index i . This happens iff P i , P i+1 , . . ., P i+l are collinear and P i+1 , P i+2 , . . ., P i+l−1 lie on the segment [P i , P i+l ] for every index i . But this is possible iff at least l vertices are concentrated at every break-point of (P). □ Proof of Theorem 1. First we note that every (P) has at least two break-points -otherwise all the vertices were concentrated in one point -contradicting to the assumption L > 0. Relation (3) follows at once from (2) by summation. Equality occurs in (3) iff we have "=" in (1) for every l l = 1, . . . , n 2 . Regarding the lemma, this case occurs iff at least l break-points are concentrated in every break-point of (P) l = 1, . . . , n 2 . Strongest of these conditions is the last one implying that (P) may have at most two break-points. Let us see which figures (P) satisfy this extremum condition. If n = 2k, all the vertices of (P) have to be concentrated in two break-points A and B lying at distance L/2 each from other. If n = 2k + 1, then k vertices are concentrated both in A and B, the remaining one may lie anywhere on the segment AB. In the extremal case we have for n = 2k + 1
and for n = 2k
Proof of Theorem 2. Consider the quadrangle P i P i+1 P i+l P i+l+1 . It is convex in consequence of the convexity of (P) and so we have
Summing up (6) we get
i.e. the sequence { l } n 1 is concave. Taking into consideration that obviously
proving (4). If n = 2k + 1, then in the extremal case we have
In the case n = 2k we obtain
Theorem 1 remains valid in higher dimensions too -moreover in any metric space. 2. K. Böröczky gave another proof for Theorem 2 on L. Fejes Tóth's seminar. 3 . If the sum of squared lengths of the sides of an n-gon is given, then the sum of squared lengths of its diagonals is maximal in case of the affine images of the regular n-gon [4] . 4. Open questions:
-What n-gons are extremal if the length of every side is given? -What can be said about the diameter when the perimeter or every length of side is fixed? -What is the minimum of the mean squared length of the diagonals of an ngon if the mean squared length of the sides is given assuming convexity of the n-gon?
